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Abstract
The classical integral representation formulas for holomorphic functions deﬁned on pseudo-
convex domains in Stein manifolds play an important role in the constructive theory of functions
of several complex variables. In this paper, we will show how to construct similar formulas for
certain classes of holomorphic functions deﬁned on coverings of such domains.
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1. Introduction
1.1.
The method of integral representations for holomorphic functions works successfully
in various problems of the theory of functions of several complex variables, e.g.,
in problems of uniform estimates for solutions of the Cauchy–Riemann equations,
uniform estimates for extensions of holomorphic functions from submanifolds, uniform
 Research supported in part by NSERC.
E-mail address: albru@math.ucalgary.ca.
0022-1236/$ - see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2005.06.004
A. Brudnyi / Journal of Functional Analysis 231 (2006) 418–437 419
approximation of holomorphic functions that are continuous on the boundary, etc. (We
refer to the book of Henkin and Leiterer [HL] devoted to this subject.) In the present
paper, we use this method to study holomorphic functions of slow growth deﬁned on
unbranched coverings of pseudoconvex domains in Stein manifolds. In particular, we
will show that many known results for holomorphic functions on such domains can
be extended to similar results for holomorphic functions of slow growth deﬁned on
their coverings. Our approach is based on a new interpolation result (Theorem 1.3)
combined with classical results and formulas of the complex function theory. Using
this result we obtain some integral representation formulas for holomorphic functions
of slow growth on coverings of pseudoconvex domains via integral formulas on these
domains. The application of such integral formulas allows to reduce some problems for
holomorphic functions on the covering of a domain to analogous problems for Banach-
valued holomorphic functions on the domain itself. In our proofs we exploit some ideas
based on inﬁnite-dimensional versions of Cartan’s A and B theorems originally proved
by Bungart [B] (see also [Le] and references therein for some generalizations of results
of the complex function theory to the case of Banach-valued holomorphic functions).
In [Br] we apply our technique to extend and strengthen certain results of Gromov,
Henkin and Shubin [GHS] on holomorphic L2-functions on coverings of pseudoconvex
manifolds in the case of coverings of Stein manifolds.
To formulate our main results we ﬁrst introduce basic notation and deﬁnitions.
Throughout this paper we consider complex manifolds M satisfying the condition
M ⊂⊂ M˜ ⊂ N and 1(M) = 1(N), (1.1)
where M and M˜ are open connected subsets of a complex manifold N, and M˜ is Stein.
(Here 1(X) denotes the fundamental group of X.)
For instance, this condition is valid for M a strongly pseudoconvex domain or an
analytic polyhedra in a Stein manifold.
Let r : N ′ → N be an unbranched covering of N. By M ′ = r−1(M) we denote the
corresponding unbranched covering of M. Condition (1.1) implies that M ′ is an open
connected subset of N ′ and 1(M ′) = 1(N ′). Let  : N ′ → R+ be such that log  is
uniformly continuous with respect to the path metric induced by a Riemannian metric
pulled back from N. We introduce the Banach space Hp,(M ′), 1p∞, of functions
f holomorphic on M ′ with norm
|f |p, := sup
x∈M
⎛⎝ ∑
y∈r−1(x)
|f (y)|p(y)
⎞⎠1/p . (1.2)
Example 1.1. Let d be the path metric on N ′ obtained by the pullback of a Riemannian
metric deﬁned on N. Fix a point o ∈ M ′ and set
do(x) := d(o, x), x ∈ N ′.
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It is easy to show by means of the triangle inequality that as the function  one can
take, e.g., (1 + do) or edo with  ∈ R. (For instance, if N ′ is a strip {z = x + iy :
|y| < L} ⊂ C with the action of group Z given by translations along R, i.e., N ′ is a
regular covering of an annulus, one can take as  either the functions (1 + |x|) or
e|x|,  ∈ R.)
Remark 1.2. Let dVM ′ be the Riemannian volume form on the covering M ′ obtained
by a Riemannian metric pulled back from N. Note that every f ∈ Hp,(M ′) also
belongs to the Banach space Hp (M
′) of holomorphic functions g on M ′ with norm
(∫
z∈M ′
|g(z)|p(z) dVM ′(z)
)1/p
.
Moreover, one has a continuous embedding Hp,(M ′) ↪→ Hp (M ′).
Let x ∈ M and r : M ′ → M be an unbranched covering of M. We introduce the
Banach space lp,,x(M ′), 1p∞, of functions g on r−1(x) with norm
|g|p,,x :=
⎛⎝ ∑
y∈r−1(x)
|g(y)|p(y)
⎞⎠1/p . (1.3)
Also, for Banach spaces E and F, by B(E, F ) we denote the space of all linear bounded
operators E → F with norm ‖ · ‖.
Theorem 1.3. Suppose that M satisﬁes condition (1.1). Then for any p ∈ [1,∞] there
exists a family {Lz ∈ B(lp,,z(M ′),Hp,(M ′))}z∈M holomorphic in z such that
(Lzh)(x) = h(x) for any h ∈ lp,,z(M ′) and x ∈ r−1(z).
Moreover,
sup
z∈M
‖Lz‖ < ∞.
1.2.
Theorem 1.3 allows to obtain integral representation formulas for holomorphic
functions from Hp,(M ′) by means of known integral formulas for holomorphic func-
tions on M. As an example we will show how to get such formulas from the classical
Leray integral formula, the basis of many other integral formulas. We ﬁrst recall this
formula itself.
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For vectors ,  ∈ Cn we set
〈, 〉 =
n∑
j=1
j · j .
Also, we set
() = d1 ∧ · · · ∧ dn and
′() =
n∑
k=1
(−1)k−1k d1 ∧ · · · ∧ dk−1 ∧ dk+1 ∧ · · · ∧ dn.
Let M ⊂ Cn be a domain and z ∈ M be a ﬁxed point. Consider in the domain
Q = Cn × M with coordinates  = (1, . . . , n) ∈ Cn and  = (1, . . . , n) ∈ M the
hypersurface of the form
Pz = {(, ) ∈ Q : 〈, − z〉 = 0}.
Let hz be a (2n − 1)-dimensional cycle in the domain Q \ Pz such that its projection
onto M \ {z} is homologous to M . Then for any holomorphic function f deﬁned on
M we have (see [L])
f (z) = (n − 1)!
(2i)n
∫
hz
f ()
′() ∧ ()
〈, − z〉n . (1.4)
Note that since the integral kernel in this formula is bounded and continuous on hz,
similar formulas are valid for Banach-valued holomorphic functions deﬁned on M.
Now from Theorem 1.3 we obtain:
Corollary 1.4. Suppose that M ⊂ Cn satisﬁes condition (1.1). Then under the assump-
tions of the Leray integral formula for any holomorphic function f ∈ Hp,(M ′) we
have
f (x) = (n − 1)!
(2i)n
∫
hz
L(f |r−1())(x)
′() ∧ ()
〈, − z〉n for any x ∈ r
−1(z). (1.5)
Similarly to (1.5) we obtain extensions of other known integral formulas. To get
such an extension replace only the integrand function f () in an integral formula
by L(f |r−1())(x). In the same way one obtains multi-dimensional Cauchy–Green
and Koppelman–Leray type formulas for some classes of differential forms deﬁned on
coverings of M satisfying (1.1). Several such formulas are presented in the Appendix A
(see also [HL] for an exposition of known integral formulas).
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1.3.
Let us formulate some other applications of Theorem 1.3. The results of this section
are some generalizations of Theorems 3.5.1 and 4.11.1 from [HL].
Let r : M ′ → M be a covering. Suppose that {xn}n1 ⊂ M converges to x ∈ M .
Then for sufﬁciently big n we can arrange r−1(xn) and r−1(x) in sequences {yin}i1
and {yi}i1 such that every {yin} converges to yi as n → ∞. For such n we deﬁne
maps n(x) : r−1(x) → r−1(xn) so that n(yi) = yin, i ∈ N. Below, ∗n denotes the
transpose map generated by n on functions deﬁned on r−1(xn) and r−1(x).
Deﬁnition 1.5. Let X ⊂ M be a subset. We say that a function f on r−1(X) belongs
to the class Cp,(r−1(X)) if
(1) f |r−1(x) ∈ lp,,x(M ′) for any x ∈ X and
(2) for any x ∈ X and any sequence {xn} ⊂ X converging to x the sequence of functions
{∗n(f |r−1(xn))} converges to f |r−1(x) in the norm of lp,,x(M ′).
Suppose that X belongs to a complex manifold Xa ⊂ M with dimC Xa1 and any
other complex manifold of dimension d, 1d < dimC Xa , does not contain X. In what
follows the interior of r−1(X) is deﬁned with respect to r−1(Xa).
Deﬁnition 1.6. By Hp,(r−1(X)) we denote the Banach space of functions
f ∈ Cp,(r−1(X)) holomorphic in interior points of r−1(X) with norm
|f |X
p, := sup
x∈X
|f |r−1(x)|p,,x . (1.6)
Remark 1.7. (a) Arguments used in the proof of Proposition 2.4 stated below show
that if X ⊂ Xa is open then any function f holomorphic on r−1(X) satisfying part (1)
of Deﬁnition 1.5 and such that |f |X
p, < ∞ belongs to Hp,(r−1(X)).
(b) Suppose that M satisﬁes condition (1.1) and that the function  in the deﬁnition
of Hp,(M ′) is such that 1 ∈ Hp,(M ′). Then it is easy to see that any function
on r−1(X) uniformly continuous with respect to the path metric pulled back from N
satisﬁes part (2) of Deﬁnition 1.5. In particular, this is always true for p = ∞.
Suppose that a domain M ⊂ CN satisﬁes (1.1). Let D ⊂⊂ M be a strongly pseu-
doconvex open set (not necessarily D = ∅), and  be a strictly plurisubharmonic
C2-function in a neighbourhood O of D such that
D ∩ O = {z ∈ O : (z) < 0} and N() := {z ∈ O : (z) = 0} ⊂⊂ O. (1.7)
We set C := D ∪ N().
Theorem 1.8. There is a neighbourhood  of C such that every f ∈ Hp,(r−1(C)) can
be uniformly approximated in the norm of Hp,(r−1(C)) by functions from
Hp,(r−1()).
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Example 1.9. Let C be a (connected) compact real-analytic manifold. By the Grauert
theorem [Gr] we can assume that C is an analytic submanifold of some Rn. It is easy
to show that C is the zero set of a non-negative strictly plurisubharmonic C2-function
deﬁned in a neighbourhood of C. Let C	 be an 	-neighbourhood of C in Cn where 	
is sufﬁciently small. Then C	 satisﬁes condition (1.1). Let r : C′ → C be a covering
of C, and r : C′	 → C	 be the covering of C	 such that C′ ⊂ C′	 (i.e., for this covering
1(C′) = 1(C′	)). Now, Theorem 1.8 implies that for a sufﬁciently small 	 any Cp,-
function on C′ can be uniformly approximated in the norm of Hp,(C′) by functions
from Hp,(C′	).
Finally, let us formulate a result on bounded extension of holomorphic functions
from complex submanifolds.
Suppose that M is a strongly pseudoconvex open set (with not necessarily smooth
boundary) in a Stein manifold satisfying condition (1.1). Let Y be a closed complex
submanifold of some neighbourhood of M . Consider a covering r : M ′ → M . Since M
satisﬁes condition (1.1), there exists a covering r : N ′ → N such that M ′ is an open
subset of N ′. By M ′ we denote the closure of M ′ in N ′. Also, we set X := Y ∩ M .
Theorem 1.10. (1) For every function f ∈ Hp,(r−1(X)), there exists a function F ∈
Hp,(M ′) such that F = f on r−1(X).
(2) For every function f ∈ Hp,(r−1(X)), there exists a function F ∈ Hp,(M ′)
such that F = f on r−1(X).
(Recall that Hp,(r−1(X)) is the space of Cp,-functions on r−1(X) holomorphic in
r−1(X) with the norm deﬁned by (1.6).)
Analogous results hold for a connected component Z of r−1(X). In this case we
deﬁne Hp,(Z) as the space of functions on Z whose extensions to r−1(X) by 0
belong to Hp,(r−1(X)). One deﬁnes Hp,(Z) similarly.
2. Auxiliary results
For the standard facts about bundles see, e.g., Hirzebruch’s book [Hi].
2.1.
Let X be a complex analytic space and S be a complex analytic Lie group with unit
e ∈ S. Consider an effective holomorphic action of S on a complex analytic space F.
Here holomorphic action means a holomorphic map S×F → F sending s×f ∈ S×F
to sf ∈ F such that s1(s2f ) = (s1s2)f and ef = f for any f ∈ F . Efﬁciency means
that the condition sf = f for some s and any f implies that s = e.
Deﬁnition 2.1. A complex analytic space W together with a holomorphic map (projec-
tion)  : W → X is called a holomorphic bundle on X with structure group S and ﬁbre
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F, if there exists a system of coordinate transformations, i.e., if
(1) there is an open cover U = {Ui}i∈I of X and a family of biholomorphisms hi :
−1(Ui) → Ui × F , that map “ﬁbres’’ −1(u) onto u × F ;
(2) for any i, j ∈ I there are elements sij ∈ O(Ui ∩ Uj , S) such that
(hih
−1
j )(u × f ) = u × sij (u)f for any u ∈ Ui ∩ Uj , f ∈ F.
In particular, a holomorphic bundle  : W → X whose ﬁbre is a Banach space F and
the structure group is GL(F ) (the group of linear invertible transformations of F) is
called a holomorphic Banach vector bundle.
A holomorphic section of a holomorphic bundle  : W → X is a holomorphic map
s : X → W satisfying  ◦ s = id.
Let i : Wi → X, i = 1, 2, be holomorphic Banach vector bundles. A holomorphic
map f : W1 → W2 satisfying
(a) f (−11 (x)) ⊂ −12 (x) for any x ∈ X;
(b) f |−11 (x) is a linear continuous map of the corresponding Banach spaces,
is called a homomorphism. If, in addition, f is a homeomorphism, then f is called an
isomorphism.
We will use the following construction of holomorphic bundles (see, e.g.
[Hi, Chapter 1]):
Let S be a complex analytic Lie group and U = {Ui}i∈I be an open cover of X.
By Z1O(U, S) we denote the set of holomorphic S-valued U-cocycles. By deﬁnition,
s = {sij } ∈ Z1O(U, S), where sij ∈ O(Ui ∩Uj , S) and sij sjk = sik on Ui ∩Uj ∩Uk .
Consider the disjoint union ⊔i∈I Ui × F and for any u ∈ Ui ∩ Uj identify the point
u × f ∈ Uj × F with u × sij (u)f ∈ Ui × F . We obtain a holomorphic bundle Ws
on X whose projection is induced by the projection Ui × F → Ui . Moreover, any
holomorphic bundle on X with structure group S and ﬁbre F is isomorphic (in the
category of holomorphic bundles) to a bundle Ws .
Example 2.2. (a) Let M be a complex manifold. For any subgroup H ⊂ 1(M) con-
sider the unbranched covering r : M(H) → M corresponding to H. We will describe
M(H) as a holomorphic bundle on M.
First, assume that H ⊂ 1(M) is a normal subgroup. Then M(H) is a regular
covering of M and the quotient group G := 1(M)/H acts holomorphically on M(H)
by deck transformations. It is well known that M(H) in this case can be thought of
as a principle ﬁbre bundle on M with ﬁbre G (here G is equipped with the discrete
topology). Namely, let us consider the map RG(g) : G → G, g ∈ G, deﬁned by the
formula
RG(g)(q) = q · g−1, q ∈ G.
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Then there is an open cover U = {Ui}i∈I of M by sets biholomorphic to open Euclidean
balls in some Cn and a locally constant cocycle c = {cij } ∈ Z1O(U,G) such that M(H)
is biholomorphic to the quotient space of the disjoint union V =⊔i∈I Ui × G by the
equivalence relation: Ui×G  x×RG(cij )(q) ∼ x×q ∈ Uj×G. The identiﬁcation space
is a holomorphic bundle with projection r : M(H) → M induced by the projections
Ui × G → Ui . In particular, when H = e we obtain the deﬁnition of the universal
covering Mu of M.
Assume now that H ⊂ 1(M) is not necessarily normal. Let XH = 1(M)/H be
the set of cosets with respect to the (left) action of H on 1(M) deﬁned by left
multiplications. By [Hq] ∈ XH we denote the coset containing q ∈ 1(M). Let A(XH)
be the group of all homeomorphisms of XH (equipped with the discrete topology). We
deﬁne the homomorphism  : 1(M) → A(XH) by the formula
(g)([Hq]) := [Hqg−1], q ∈ 1(M).
Set Q(H) := 1(M)/Ker() and let g˜ be the image of g ∈ 1(M) in Q(H). By
Q(H) : Q(H) → A(XH) we denote the unique homomorphism whose pullback to
1(M) coincides with . Consider the action of H on V = ⊔i∈I Ui × 1(M) induced
by the left action of H on 1(M) and let VH = ⊔i∈I Ui × XH be the corresponding
quotient set. Deﬁne the equivalence relation Ui × XH  x × Q(H)(˜cij )(h) ∼ x × h ∈
Uj ×XH with the same {cij } as in the deﬁnition of M(e). The corresponding quotient
space is a holomorphic bundle with ﬁbre XH biholomorphic to M(H).
(b) We retain the notation of example (a). Let B be a complex Banach space and
GL(B) be the group of invertible bounded linear operators B → B. Consider a homo-
morphism  : G → GL(B). Without loss of generality we assume that Ker() = e, for
otherwise we can pass to the corresponding quotient group. The holomorphic Banach
vector bundle E → M associated with  is deﬁned as the quotient of ⊔i∈I Ui ×B by
the equivalence relation Ui ×B  x×(cij )(w) ∼ x×w ∈ Uj ×B for any x ∈ Ui ∩Uj .
Let us illustrate this construction by an example.
Let XH = 1(M)/H be the ﬁbre of the covering r : M(H) → M . Consider a
function 
 : XH → R+ satisfying

(Q(H)(h)(x))ch
(x), h ∈ Q(H), x ∈ XH, (2.1)
where ch is a constant depending on h. By lp,
(XH ), 1p∞, we denote the Banach
space of complex functions f on XH with norm
‖f ‖p,
 :=
⎛⎝∑
x∈XH
|f (x)|p
(x)
⎞⎠1/p . (2.2)
Then according to (2.1) the map  deﬁned by the formula
[(h)(f )](x) := f (Q(H)(h)(x)), h ∈ Q(H), x ∈ XH,
426 A. Brudnyi / Journal of Functional Analysis 231 (2006) 418–437
is a homomorphism of Q(H) into GL(lp,
(XH )). By Ep,
(XH ) we denote the
holomorphic Banach vector bundle associated with this .
2.2.
Let r : M ′ → M be a covering where M ′ = M(H) (i.e., 1(M ′) = H ). In this
part, we establish a connection between Banach spaces Hp,(M ′) deﬁned in Section
1.1 and certain spaces of holomorphic sections of bundles Ep,
(XH ).
We retain the notation of Example 2.2. Assume that M satisﬁes condition (1.1), i.e.,
M ⊂⊂ N and 1(M) = 1(N). Then M(H) is embedded into N(H). (Without loss
of generality we consider M(H) as an open subset of N(H).) Let {Vi}i∈I be a ﬁnite
acyclic open cover of M by relatively compact sets. We set Ui := Vi ∩M and consider
the open cover U = {Ui}i∈I of M. Then as in Example 2.2(a) we can deﬁne M(H) by
a cocycle c˜ = {˜cij } ∈ Z1O(U,Q(H)) where Q(H) = 1(M)/Ker .
Further, let  : N(H) → R+ be a function such that log  is uniformly continuous
with respect to the path metric induced by a Riemannian metric pulled back from N.
Fix a point z0 ∈ M . Identifying r−1(z0) with XH deﬁne the function 
 : XH → R+
by the formula

(x) := (x), x ∈ XH (= r−1(z0)).
Lemma 2.3. The function 
 satisﬁes inequality (2.1).
Proof. We recall some facts from the theory of covering spaces (see, e.g.,
[Hu, Chapter III]). Let h ∈ Q(H). Then there exists a closed path  ⊂ M passing
through the point z0 such that its lifting x ⊂ M(H) with the initial point x ∈ r−1(z0)
has the endpoint Q(H)(h)(x). By the deﬁnition of the metric on M(H), the length of
every such x is the same. This and uniform continuity of log  with respect to the
path metric deﬁned by a Riemannian metric pulled back from N imply that every x
can be covered by k metric balls {Nj(x)}kj=1 such that
1
2 (y)(z)2(y) for any y, z ∈ Nj(x), 1jk.
In particular, we have
(Q(H)(h)(x))
(x)
2k for every x ∈ r−1(z0). 
According to this lemma, the bundle Ep,
(XH ) is well deﬁned. By deﬁnition, any
holomorphic section of this bundle can be determined by the family {fi(z, x)}i∈I of
holomorphic functions on Ui with values in lp,
(XH ) satisfying
fi(z, Q(H)(˜cij )(x)) = fj (z, x) for any z ∈ Ui ∩ Uj .
A. Brudnyi / Journal of Functional Analysis 231 (2006) 418–437 427
We introduce the Banach space Bp,
(XH ) of bounded holomorphic sections f =
{fi}i∈I of Ep,
(XH ) with norm
|f |p,
 := sup
i∈I,z∈Ui
‖fi(z, ·)‖p,
. (2.3)
(Here ‖ · ‖p,
 is the norm on lp,
(XH ), see (2.2).)
Further, let f ∈ Hp,(M(H)) (see Section 1.1 for the deﬁnition). We identify M(H)
with the quotient set of VH = ⊔i∈I Ui × XH as in Example 2.2(a). This gives local
coordinates on M(H). Using these coordinates, we deﬁne the family {fi}i∈I of functions
on Ui with values in the space of functions on XH by the formula
fi(z, x) := f (z, x), z ∈ Ui, i ∈ I, x ∈ XH . (2.4)
Then the following result holds.
Proposition 2.4. The correspondence f → {fi}i∈I determines an isomorphism of
Banach spaces D : Hp,(M(H)) → Bp,
(XH ).
Proof. First we will prove that every fi(z, x) = f (z, x) determines a holomorphic
map of Ui into lp,
(XH ). Since by deﬁnition fi(z, Q(H)(˜cij )(x)) = fj (z, x) for any
z ∈ Ui ∩ Uj , this will show that {fi} is a holomorphic section of Ep,
(XH ).
Check that fi(z, ·) ∈ lp,
(XH ) for any z ∈ Ui . We will assume that z0 in the
deﬁnition of 
 from Lemma 2.3 belongs to some Uk and so r−1(z0) = z0 ×XH in the
above coordinates on r−1(Uk) ⊂ M(H). Let us ﬁx some points zi ∈ Ui . Since M is
compactly embedded into N and the path metric on N(H) is deﬁned by a Riemannian
metric pulled back from N, for every (z, x) ∈ r−1(Ui), i ∈ I , there exists a path i (x)
joining (zi, x) with (z, x) such that the lengths of all these paths are bounded from
above by a constant L. Further, by the covering homotopy theorem for every (z0, x) ∈
r−1(z0) there exist a point (zi, si(x)) ∈ r−1(Ui) and a path ˜i (x) joining these two
points in M(H) such that si(x) = Q(H)(hi)(x) for some hi ∈ Q(H) (independent of
x) and the lengths of all ˜i (x) (for all i ∈ I and x ∈ XH ) are bounded from above
by L1. Since log  is uniformly continuous with respect to the path metric obtained
by a Riemannian metric pulled back from N, from here arguing as in the proof of
Lemma 2.3 and using the boundedness of lengths of all the paths ˜i (x) and i (x) we
obtain that there is a constant C depending on M and z0 such that
1
C
(z, x)
(x)C(z, x) for any z ∈ Ui, i ∈ I, x ∈ XH . (2.5)
Now by the deﬁnition of the norm on Hp,(M(H)) we have
sup
i∈I,z∈Ui
⎛⎝∑
x∈XH
|f (z, x)|p(z, x)
⎞⎠1/p = |f |p,.
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Combining this with (2.5) we get
(1/C)1/p · |f |p, sup
i∈I,z∈Ui
‖f (z, ·)‖p,
C1/p · |f |p,. (2.6)
This shows that every fi(z, ·) ∈ lp,
(XH ).
Let us prove now that fi(·, ·) : Ui → lp,
(XH ) is holomorphic. Without loss of
generality we identify Ui with an open subset of a certain Cn. Let P ⊂⊂ Ui , P =
{(z1, . . . , zn) ∈ Cn : |zj − xj |r, 1jn}, be a polydisk with the center at a point
x = (x1, . . . , xn) ∈ Ui and of radius r. By Pt we denote its boundary torus (i.e.,
Pt = {z ∈ P : |zj − xj | = r, 1jn}). Let us introduce c1,...,n(y) by the formula
c1,...,n(y) =
(
1
2i
)n ∫
Pt
fi(w, y)
w
1+1
1 · · ·wn+1n
dw1 · · · dwn.
We will show that
c1,...,n ∈ lp,
(XH ) and ‖c1,...,n‖p,

C1/p|f |p,
r1+···+n
. (2.7)
In what follows Tn denotes the standard torus in Rn with coordinates t = (t1, . . . , tn).
Now, using the deﬁnition of c1,...,n(y), the triangle inequality for the norm ‖ · ‖p,
,
inequality (2.6) and the Lebesgue monotone convergence theorem we have
‖c1,...,n‖p,
 :=
⎛⎝∑
y∈XH
|c1,...,n(y)|p
(y)
⎞⎠1/p

⎛⎝∑
y∈XH
((
1
2
)n ∫
Tn
|fi(x + rt, y)|
r1+···+n
dt1 · · · dtn
)p
· 
(y)
⎞⎠1/p
 1
r1+···+n
·
(
1
2
)n ∫
Tn
⎛⎝∑
y∈XH
|fi(x + rt, y)|p
(y)
⎞⎠1/p dt1 · · · dtn

C1/p|f |p,
r1+···+n
.
Inequality (2.7) implies, in particular, that
∞∑
1+···+n=0
c1,...,n(z1 − x1)1 · · · (zn − xn)n
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converges uniformly in any polydisk P ′ centred at x of radius < r to a holomor-
phic lp,
(XH )-valued function F. By deﬁnition, evaluation of this function at every
point y ∈ XH coincides with fi(·, y) on any such P ′. Thus F(z) = fi(z, ·) for z ∈
P ′. Since x is an arbitrary point of Ui , this shows that fi(·, ·) : Ui → lp,
(XH ) is
holomorphic.
Therefore by (2.6) we obtain that the map D : Hp,(M(H)) → Bp,
(XH ),
f → {fi}i∈I , is well deﬁned and continuous.
Conversely, let {fi(z, x)}i∈I be a family of holomorphic lp,
(XH )-valued functions
on the cover {Ui}i∈I determining an element from Bp,
(XH ). We set
f (z, x) := fi(z, x), z ∈ Ui, x ∈ XH .
Then by the deﬁnition f is a holomorphic function on M(H). Now inequality (2.6)
easily implies that |f |p,C1/p · |f |p,
. 
The map D from Proposition 2.4 will be called the direct image map.
Remark 2.5. One can easily see that the direct image map D is an isometry in the
case  ≡ 1.
3. Proof of Theorem 1.3
3.1.
Assume that M satisﬁes condition (1.1). Let r : M ′ → M be an unbranched covering.
By Rx we denote the restriction map of functions from Hp,(M ′) to the ﬁbre r−1(x),
x ∈ M . The deﬁnitions of the norms on Hp,(M ′) and lp,,x(M ′) (see Section 1.1)
imply that Rx : Hp,(M ′) → lp,,x(M ′) is a linear continuous operator.
Proposition 3.1. For every x ∈ M there exists a linear continuous operator Cx :
lp,,x(M
′) → Hp,(M ′) such that
Rx ◦ Cx = id.
Proof. As before we think of M ′ as an open subset of N ′ where r : N ′ → N is
a covering such that 1(N ′) = 1(M ′). We also set M˜ ′ := r−1(M˜). (Here by our
assumption M ⊂⊂ M˜ ⊂ N and M˜ is Stein.) Recall that the ﬁbre of the covering
N ′ is XH := 1(N)/H where H := 1(N ′) and the quotient is taken with respect
to the left action of H on 1(N). In what follows, according to Proposition 2.4, we
identify Hp,(M ′) with the space Bp,
(XH ) of bounded holomorphic sections of the
Banach vector bundle Ep,
(XH ) → M where 
 = |r−1(z0) for some z0 ∈ M (see
Example 2.2).
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Let us introduce the Banach space B of complex functions F deﬁned on XH × XH
with norm
|F(h, g)|B := max
⎧⎨⎩ suph∈XH
⎛⎝∑
g∈XH
|F(h, g)| · 
(g)

(h)
⎞⎠ , sup
g∈XH
⎛⎝∑
h∈XH
|F(h, g)|
⎞⎠⎫⎬⎭ .
It is easy to see by means of (2.1) that the formula
[(q, s)(F )](h, g) := F(Q(H)(q)(h), Q(H)(s)(g)), h, g ∈ XH, q, s ∈ Q(H),
determines a homomorphism of the group Q(H) × Q(H) into GL(B) (see
Example 2.2(a) for the deﬁnitions of Q(H) and Q(H)). Note that Q(H) × Q(H)
is the quotient of 1(N × N) = 1(N) × 1(N). Thus the associated with  holomor-
phic Banach vector bundle t : E → N × N on N × N is deﬁned. We identify the
ﬁbre t−1(x × x) with B. Further, let h be a function on XH such that h(g) = 1 if
h = g and h(g) = 0 if h = g. We deﬁne a function  on XH × XH by the formula
(h, g) := h(g).
Check that  ∈ B (= t−1(x × x)). Indeed,
||B := max
⎧⎨⎩ suph∈XH
⎛⎝∑
g∈XH
|h(g)| · 
(g)

(h)
⎞⎠ , sup
g∈XH
⎛⎝∑
h∈XH
|h(g)|
⎞⎠⎫⎬⎭ = 1.
Now, according to Bungart [B, Lemma 3.3]) there is a holomorphic section S of E
such that S(x × x) = . Since M ⊂ N is compact, S|M×M is a bounded holomorphic
section of E|M×M , cf. (2.3).
Let {Vi}i∈I be a ﬁnite acyclic open cover of M . We set Ui = Vi ∩ M and consider
the open cover U = {Ui × Uj }i,j∈I of M × M . According to Example 2.2(a) M ′ is
deﬁned on the cover {Ui}i∈I of M by a cocycle c˜ = {˜cij } ∈ Z1O({Ui},Q(H)). Then
M ′ ×M ′ is deﬁned on U by the cocycle c˜ × c˜ = {˜cij × c˜ij } ∈ Z1O(U,Q(H)×Q(H)).
Using this construction one represents the restriction of the section S to U by a family
{Sij (z, h,w, g) : h, g ∈ XH, z×w ∈ Ui×Uj }i,j∈I of holomorphic functions on Ui×Uj
with values in B satisfying for z × w ∈ (Ui × Uj) ∩ (Ul × Um)
Sij (z, Q(H)(˜cil)(h), w, Q(H)(˜cmj )(g)) = Slm(z, h,w, g). (3.1)
Since S is bounded on M × M ,
sup
i,j∈I,z×w∈Ui×Uj
|Sij (z, ·, w, ·)|B = C < ∞. (3.2)
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Also, by the deﬁnition we have for x × x ∈ M × M (say, e.g., x ∈ Ui0 , i0 ∈ I )
Si0i0(x, h, x, g) = h(g). (3.3)
Next, consider the restriction of S to x×M and the open cover {Ui0 ×Ui}i∈I of x×M .
We deﬁne a family {Ti}i∈I of linear operators on the set of complex functions v on
XH by the formula
Ti(v)(z, g) :=
∑
h∈XH
v(h)Si0i (x, h, z, g), z ∈ Ui, g ∈ XH . (3.4)
Lemma 3.2. (a) Ti is a bounded operator from lp,
(XH ) into the Banach space
Hp,
(Ui) of bounded lp,
(XH )-valued holomorphic functions f on Ui with norm
|f |Ui
p,
 := sup
z∈Ui
‖f (z, ·)‖p,

(here ‖ · ‖p,
 is the norm on lp,
(XH ), see (2.2)).
(b) For every z ∈ Ui ∩ Uj
Ti(v)(z, Q(H)(˜cij )(g)) = Tj (v)(z, g), v ∈ lp,
(XH ).
Proof. (a) Let us ﬁrst check the above statement for p = 1 and p = ∞. In fact, for
p = 1 from (3.4) and (3.2) we have
‖Ti(v)(z, ·)‖1,
 :=
∑
g∈XH
∣∣∣∣∣∣
∑
h∈XH
v(h)Si0i (x, h, z, g)
∣∣∣∣∣∣
(g)

∑
g∈XH
∑
h∈XH
|v(h)
(h)| · |Si0i (x, h, z, g)|

(g)

(h)

⎛⎝∑
h∈XH
|v(h)
(h)|
⎞⎠ sup
h∈XH
⎛⎝∑
g∈XH
|Si0i (x, h, z, g)|

(g)

(h)
⎞⎠
 ‖v‖1,
 · |Si0i (x, ·, z, ·)|BC · ‖v‖1,
.
From here we have (see (2.3))
|Ti(v)|Ui1,
C · ‖v‖1,
.
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Thus Ti(v) ∈ H1,
(Ui), and Ti : l1,
(XH ) → H1,
(Ui) is a linear bounded operator.
Similarly, for p = ∞ we have
|Ti(v)|Ui∞,
 := sup
z∈Ui
⎛⎝ sup
g∈XH
∣∣∣∣∣∣
∑
h∈XH
v(h)Si0i (x, h, z, g)
∣∣∣∣∣∣
⎞⎠
 ‖v‖∞,
 · sup
z∈Ui
⎛⎝ sup
g∈XH
⎛⎝∑
h∈XH
|Si0i (x, h, z, g)|
⎞⎠⎞⎠ C · ‖v‖∞,
.
So, Ti : l∞,
(XH ) → H∞,
(Ui) is well deﬁned and continuous.
Let us prove the similar statement for 1 < p < ∞. Consider the evaluation Tz,i(v)
of Ti(v) at z ∈ Ui :
[Tz,i(v)](g) := Ti(v)(z, g) =
∑
h∈XH
v(h)Si0i (x, h, z, g).
From the above arguments it follows that Tz,i is a linear continuous map of l1,
(XH ) to
l1,
(XH ) and of l∞,
(XH ) to l∞,
(XH ), and in both these cases its norm is bounded
by C. Now, by the Riesz interpolation theorem (see, e.g., [R]), Tz,i maps also each
lp,
(XH ) to lp,
(XH ) and its norm there is bounded by C, as well. Taken the supremum
of norms of Tz,i over z ∈ Ui we obtain that Ti is a linear continuous operator from
lp,
(XH ) into Hp,
(Ui) for any p.
(b) Using (3.1) with i = i0, j = i and l = i0, m = j we get
Si0i (x, h, z, Q(H)(˜cij )(g)) = Si0j (x, h, z, g).
This and (3.4) produce the result. 
From Lemma 3.2 we obtain that for every v ∈ lp,
(XH ) the family {Ti(v)}i∈I
represents a section T (v) from Bp,
(XH ), see (2.3). Moreover, the correspondence
v → T (v) determines a linear bounded operator T : lp,
(XH ) → Bp,
(XH ). Note also
that (3.3) implies that Ti0(v)(x, ·) = v. From this identifying lp,
(XH ) with the ﬁbre
of Ep,
(XH ) over x (by means of the coordinates on Ui0 ) we obtain that T maps the
sections of Ep,
(XH )|{x} to Bp,
(XH ) and T (v)(x) = v. To complete the proof of the
proposition it remains to identify Bp,
(XH ) with Hp,(M ′) and the space of sections
of Ep,
(XH )|{x} with lp,,x(M ′). 
3.2.
We proceed with the proof of the theorem. According to condition (1.1) there ex-
ists a connected Stein neighbourhood M˜ of M such that M˜ ⊂⊂ N . Let M˜ ′ =
r−1(M˜) be the corresponding covering of M˜ . Let us consider the space Hp,(M˜ ′).
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By E0(M˜) := M˜ ×Hp,(M˜ ′) we denote the trivial holomorphic Banach vector bundle
on M˜ with ﬁbre Hp,(M˜ ′). Also, by Ep,
(M˜) we denote the bundle Ep,
(XH ) (see
Example 2.2(b)). (Here 
 is deﬁned as in Proposition 3.1.)
For z ∈ M˜ let Rz be the restriction map of functions from Hp,(M˜ ′) to the ﬁ-
bre r−1(z). If we identify Hp,(M˜ ′) with the Banach space Bp,
(M˜) of bounded
holomorphic sections of the bundle Ep,
(M˜) by the direct image map (cf. Proposi-
tion 2.4), then Rz will be the evaluation map of sections from Bp,
(M˜) at z ∈ M˜ .
In particular, one can deﬁne a homomorphism of bundles R : E0(M˜) → Ep,
(M˜)
which maps z × v ∈ E0(M˜) to the vector Rz(v) in the ﬁbre over z of the bundle
Ep,
(M˜) (see Deﬁnition 2.1). Now, by Proposition 3.1 with M replaced by M˜ , ev-
ery Rz is surjective and, moreover, there exists a linear continuous map Cz of the
ﬁbre Ep,
,z(M˜) of Ep,
(M˜) over z to the ﬁbre E0,z(M˜) of E0(M˜) over z such that
Rz ◦ Cz = id. Finally, by Ker R := ⋃z∈M˜ Ker Rz (⊂ E0(M˜)) we denote the kernel
of R.
Let U ⊂ M˜ be an open set biholomorphic to a Euclidean ball. Using some holo-
morphic trivializations of E0(M˜)|U and Ep,
(M˜)|U we may assume that E0(M˜)|U =
U × Bp,
(M˜) and Ep,
(M˜)|U = U × l, where l = lp,
(XH ) is the ﬁbre of Ep,
(M˜).
In these trivializations we have R(z × v) := z × Rz(v), z × v ∈ U × Bp,
(M˜), where
Rz(v) := v(z), and Cz(z × f ) := z × Cz(f ), z × f ∈ U × l, where Cz : l → Bp,
(M˜)
is a linear continuous map.
Next, take x ∈ U . Then in the above trivializations Rz ◦ Cx : l → l, z ∈ U , is a
family of linear continuous operators, holomorphic in z, such that Rx ◦ Cx = id. Thus
by the inverse function theorem (which in this case follows easily from the Taylor
expansion of Rz ◦ Cx at x) we obtain that there exists a neighbourhood Ux of x such
that Rz ◦ Cx is invertible for every z ∈ Ux .
We set Pz := (Rz ◦ Cx)−1, and C˜z := Cx ◦ Pz : l → Bp,
(M˜), z ∈ Ux . Then Pz and
C˜z are holomorphic in z ∈ Ux , and by deﬁnition
Rz ◦ C˜z = id.
It is easy to see (by the inverse function theorem) that this identity implies that there is
a neighbourhood Vx ⊂ Ux of x such that Ker R|Vx is biholomorphic to Vx×Ker Rx and
this biholomorphism is linear on every Ker Rz and maps this space onto z × Ker Rx ,
z ∈ Vx .
Taking different U and x we then obtain from here that Ker R is a holomorphic
Banach vector subbundle of E0(M˜) and locally, for every Vx as above, we have an
isomorphism of bundles E0(M˜)|VxEp,
(M˜)|Vx ⊕ (Ker R)|Vx given in the above triv-
ializations by the formula
z × v → (z × Rz(v), z × (id − C˜z ◦ Rz)(v)).
Let U = {Ui}i∈I be an open cover of M˜ by Stein sets such that every quotient
bundle Ep,
(M˜)|Ui is complemented in E0(M˜)|Ui . Let Ci : Ep,
(M˜)|Ui → E0(M˜)|Ui
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be the complement homomorphism (i.e., R|Ui ◦ Ci is the identity homomorphism of
Ep,
(M˜)|Ui ). We set
Cij (z) = Ci(z) − Cj (z), z ∈ Ui ∩ Uj .
Then {Cij } is a holomorphic 1-cocycle with values in Ker R. Since U is acyclic and
M˜ is Stein, by the Bungart theorem [B] and the Leray lemma one can ﬁnd a family
{Hi}i∈I of holomorphic sections of Ker R over Ui such that
Hi(z) − Hj(z) = Cij (z), z ∈ Ui ∩ Uj .
In particular, setting F |Ui := Ci − Hi we obtain that F : Ep,
(M˜) → E0(M˜) is a
(holomorphic) homomorphism of bundles such that R ◦ F = id. Since by the deﬁni-
tion M ⊂ M˜ is compact, F |M is bounded. Next, by RM we denote the restriction
homomorphism of trivial bundles E0(M˜)|M → E0(M) deﬁned by
z × v → z × v|M, z ∈ M, v ∈ Hp,(M˜ ′).
Finally, we set
Lz := RM ◦ F(z), z ∈ M.
Then by deﬁnition, every Lz is a linear continuous map of lp,,z(M ′) into Hp,(M ′)
(see Section 1.1), the family {Lz} is holomorphic in z ∈ M , Rz ◦ Lz = id, and
supz∈M ‖Lz‖ < ∞.
This completes the proof of the theorem.
Remark 3.3. Using some modiﬁcation of the arguments of the above proof one can
show that for a ﬁxed  there exists a family {Lz} satisfying the assumptions of
Theorem 1.3 such that supz∈M ‖Lz‖C < ∞ where C does not depend on the class
Hp,(M ′) (cf. the construction in the proof of Theorem 1.4. of [Br2]).
4. Proofs
Proof of Corollary 1.4. The result follows straightforwardly from formula (1.4) where
f is a holomorphic function with values in Hp,(M ′) and from the properties of the
operators Lz. 
Proof of Theorem 1.8. Let f ∈ H(r−1(C)) be a function satisfying the assumptions
of the theorem. Consider the function
h(z) := Lz(f |r−1(z)), z ∈ C.
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By Deﬁnition 1.5, Proposition 2.4 and by the properties of {Lz} we have that h is a
Hp,(M ′)-valued continuous function on C holomorphic in D. (It can be written as
the scalar function of the variables (z, w) ∈ C × M ′.) Therefore it sufﬁces to prove
an approximation theorem for such Banach-valued functions. Namely, it sufﬁces to
show that every such h can be uniformly approximated on C by Hp,(M ′)-valued
holomorphic functions deﬁned in a neighbourhood  of C.
Further, if {hi(z, w) : z ∈ , w ∈ M ′}i1 is such an approximation sequence for h,
then {fi(y) : y ∈ r−1()}i1 with fi(y) := hi(r(y), y) is the approximation sequence
for f satisfying the required statement of the theorem.
The proof of the above approximation theorem for functions h repeats word-for-word
the proof of Theorem 3.5.1 in [HL] where in all integral formulas we replace the scalar
functions by Banach-valued ones. We leave the details to the readers. 
Proof of Theorem 1.10. Let us consider a function f satisfying either (1) or (2). Deﬁne
the function
h(z) := Lz(f |r−1(z)), z ∈ X (or z ∈ X).
Then according to Deﬁnition 1.5, h is a holomorphic function on the submanifold
X ⊂ M with values in Hp,(M ′) (and in case (2) it is also continuous on X). Thus
it sufﬁces to prove the extension theorem for Banach-valued holomorphic functions
on X (extending them to M). Evaluating the extended Banach-valued functions at the
points (r(y), y), y ∈ M ′ (cf. the proof of Theorem 1.8 above), we get the required
result.
The scalar case of the required extension theorem is proved in Theorem 4.11.1
of [HL]. The Banach-valued case repeats literally the arguments of the proof of
Theorem 4.11.1 where in all integral formulas we replace scalar functions by Banach-
valued ones. Also, instead of the classical Cartan B theorem for Stein manifolds, we
use in the proof its Banach-valued generalization due to Bungart. 
Remark 4.1. One can show (cf. the remark after the proof of Theorem 4.11.1 of
[HL]) that under the hypothesis (1) of Theorem 1.10 there exists a linear continuous
operator E : Hp,(r−1(X)) → Hp,(M ′) such that Ef = f on r−1(X) for all f ∈
Hp,(r−1(X)). Moreover, the norm ‖E‖ of E is bounded by a constant depending
only on  : M ′ → R+ and X. In particular, if  ≡ 1, then ‖E‖ depends only on
X (and not on the covering M ′). However, it is not clear whether the extension in
Theorem 1.10(2) can be made by a linear continuous operator, as well.
Appendix A.
We present a multi-dimensional analog of Cauchy–Green formulas on coverings
of domains M ⊂ Cn satisfying condition (1.1). These formulas are obtained as the
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combination of Theorem 1.3 of the present paper with Theorem 4.3 from [H]. Below
we use the notation of the Leray integral formula (1.4) (see Section 1.2).
Let M ⊂ Cn be a domain with a rectiﬁable boundary. Assume that M satisﬁes con-
dition (1.1), that is, M ⊂⊂ M˜ ⊂ N ⊂ Cn, 1(N) = 1(M) and M˜ is Stein. Let
 = (, z) = (1, . . . , n) be a smooth Cn-valued function of the variable  ∈ M
such that 〈(, z),  − z〉 = 1 for  ∈ M . Consider a covering M ′ of M. Then
M ′ is an open subset of the covering r : N ′ → N such that 1(N ′) = 1(M ′).
Let  : N ′ → R+ be such that log  is uniformly continuous with respect to the
path metric obtained by a Riemannian metric pulled back from N. By Ep,
(M˜) we
denote the bundle Ep,
(XH ) on M˜ (see Example 2.2(b)). Here 
 is deﬁned as in
Proposition 3.1. Also, by L = {Lz} we denote the family of operators given by
Theorem 1.3 (with the same p and ) where z varies in a small neighbourhood 
of M (in this case Lz maps lp,,z(r−1()) into Hp,(r−1())).
Suppose that a function f deﬁned on M ′ is such that its direct image r∗(f ) with
respect to r is a continuous section of Ep,
(M˜)|M , and r∗(f ) is a continuous section
of Ep,
(M˜)|M . We set
(Lf )(z) := Lz(f |r−1(z)), z ∈ M.
Then from the construction of the family L and from the deﬁnition of f it follows that
Lf is a continuous Hp,(r−1())-valued function on M such that Lf is a continuous
Hp,(r−1())-valued (0, 1)-form on M .
Now, for the function f we have the following integral representations:
f (z) = K˜sf (z) + H˜ s(f )(z), z ∈ M ′, (A.1)
where, for y := r(z),
K˜0f (z) = (n − 1)!
(2i)n
∫
∈M
L(f |r−1())(z)′((, y)) ∧ (),
H˜ 0(f )(z)= (n − 1)!
2i)n
(∫
(,0)∈M×[0,1]
(L(f |r−1()))(z) ∧ ′
×
(
(1 − 0) − y|− y|2 + 0(, y)
)
∧ ()
+
∫
∈M
(L(f |r−1()))(z) ∧ ′
(
− y
|− y|2
)
∧ ()
)
.
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And for s > 0,
K˜sf (z)= (n + s − 1)!
(s − 1)!(2i)n
∫
∈M
L(f |r−1())(z)(1 − 〈(, y), − y〉)s−1
×((, y)) ∧ (),
H˜ s(f )(z)= (n + s − 1)!
(s − 1)!(2i)n
∫
(,0)∈M×[0,1]
(L(f |r−1()))(z)
×(0(1 − 〈(, y), − y〉)s−1
×′
(
(1 − 0) − z|− y|2 + 0(, y)
)
∧ ().
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